Abstract. A consistent definition of high dimensional compactified quantum field theory without breaking the Kaluza-Klein tower is proposed. Possible consequences are discussed for the scalar model.
Introduction
High dimensional field theoretical models are interesting from two main points of view. First one is the possibility to construct Unified Theories from high dimensional gravities at classical field level, using the Kaluza-Klein mechanism (see [6] for a review). Another one is their connection to string models. It is known, that certain super Yang-Mills and supergravity models are low energy effective models for superstrings, (see e.g. [4] ).
The high dimensional field theories are non-renormalisable if treated quantically. Compactification reduces the formal dimensionality of the model. The exact compactified model, however, contains in its spectrum not only the low dimensional propagating field(s) but also an infinite number of Kaluza-Klein (KK) massive modes. The natural strategy would be integrating out this modes in order to get the low dimensional effective action for remaining propagating fields. Loop contribution of each KK field taken separately is renormalisable and vanishes due to large mass, but when summing over all the KK tower it diverges.
The possible one loop counter-terms appearing after integration KK modes were computed many years ago [8] , and are known to lead to non-renormalisability of the effective action.
These days phenomenological aspects of the compactified high dimensional models are intensively studied in the framework of GUT building, although the nature of compactified models as QFT in these investigations is not yet clear, [2, 1] .
The aim of the present work is finding compactification geometry dependence of the low dimensional effective model. In a previous work [7] , we considered compactification of scalar field to a circle.
To be fully consequent one has to compare contribution from KK modes with one of high energy modes of low dimensional fields. In the case of S 1 compactification one can see that high energy modes are "stronger" than KK ones (see the note at the end of the next section). Vanishing of non-renormalisable contributions in this case (as well as in any compactifications with an odd number of compact dimensions) seems to be an artefact of computational scheme. Indeed, e.g. divergencies in dimensional regularisation scheme arise as poles of Gamma-function, which is known to produce no poles for negative half-integer values, in spite of divergence of defining integral.
Below a more careful definition of QFT compactification will be given. We will show that there exists a possibility of consistent description of a high dimensional compactified QFT model. Namely, one can define such a model when the compactification size is of the order of cut off specific to given low dimensional theory.
The plan of the paper is as follows. First we review the possible terms arising in computation of the low dimensional effective action. After that we find renormalisability conditions for KK contribution, and analyse dependence of the low dimensional model on the compactification geometry.
Compactified Model Renormalisation
Consider D + p-dimensional model of a field φ described by the classical action,
where high dimensional index M = 0, 1, . . . , D + p − 1. We assume (self)interaction potential V (φ) to be renormalisable in D-dimensions. Thus if one compactifies this model to D = 4 the potential V (φ) should be at most quartic in φ.
Let manifold W D+p on which the fields are defined be represented as a product 
where is the d'Alembert operator defined on fields on M D , and ∆ is the scalar Laplace operator on K p .
Operator ∆ has discrete spectrum with orthonormal eigenfunctions
where dy ≡ det(g)d p y is the invariant volume on K p and n, m span a p-dimensional (generally irregular) lattice Γ.
As in ref. [7] one can decompose φ(x, y) in terms of eigenfunctions of ∆,
where,
In terms of this decomposition the classical action (1) looks as follows
To obtain eq. (7) we used orthonormality of the spectrum of ∆.
In what follows we will consider compactifications with small compact size, in this case one can neglect m 2 in comparison with nonzero µ 2 n in eq. (7). If one drops out the terms with nonzero µ 2 n one gets classically compactified D-dimensional model. It is described by the following action,
where ϕ is the "multiplet" of zero modes, ϕ = {φ n0 |µ n0 = 0}.
It, however, may differ in some cases from the naively KK-reduced model. Thus if one has nontrivial cohomology on K p there are more zero modes of ∆ in addition to the constant one which appear in the D-dimensional reduced action. This fields have non-trivial y-dependence and cannot be obtained by just throwing away compact coordinates. We consider situations when action (8) is renormalisable in D-dimensions.
Action (8) plays the role of the bare action which will get corrections from KK fields in (7). As we mentioned in the Introduction to be fully consequent we have to add also the contribution of high energy modes of ϕ. The last could be obtained by introducing an extra Pauli-Villars (PV) regularisation for ϕ-loops with cutoff mass M ≫ m (see e.g. [3] ) and computing one-loop contribution from the regulator(s).
Each (D + p)-dimensional coupling λ in (1) gives rise to a family of couplings in eq. (7),
Fortunately, the one-loop effective action uses only a small quantity of these couplings. Since for nonzero µ 2 n fields φ n are non-propagating the one-loop diagrams contain only vertices quadratic in KK modes φ n for µ n = 0. In what follows we consider the trivial topological sector, i.e. compactifications where the only zero modes of ∆ are the constant in y modes. Then the only vertices which contribute are of the following structure,
where n * is defined as φ n * = φ * n , and ϕ ≡ φ 0 . To compute the one-loop effective action we also need the propagators of the fields. They look as follows,
where iǫ stands for the causal pole prescription 1 . Consider diagrams with KK/PV fields running in the loop and with external ϕ legs.
In what follows we use dimensional regularisation for KK-fields and PV regulators. Typically, one-loop diagram with N vertices and N (truncated) external legs looks as follows,
where κ G is the symmetry factor of the diagram, trace, index contracting, etc., are assumed if necessary, and integration is performed overD-dimensional Minkowski momentum space. Summation in (13) and on is performed through the eigenvalue lattice of ∆ except n 0 term which is substituted by PV regulator. Cutoff removing is obtained whenD → D. Also,
The formal divergence index of this diagram is ω G = D − 2N . This index, however, is computed termwise and does not reflect possible divergencies due to the summation over n. The termwise divergencies described by ω G are the same for KK an PV modes 2 . They are due to large momenta in low dimensional directions and have low dimensional nature. From the other hand, divergencies due to summation over KK modes correspond to large momenta in compactified directions and, thus they have the "high-dimensional nature".
Let us perform a change of the integration variable, p → p µn (and p → p M for PV) for each n (µ n = 0). This is legitimate since all integrals are regularised.
After these manipulations the integral (13) looks as follows, 
where integrals I (r) are defined as follows
we introduced notations
One can see that expression (16) is similar to one arising in computation of low dimensional high energy mode contribution only, except for the series over powers of µ 2 n . These series define well-known ζ-function of the Laplace operator, [5] ,
where prime means that summation is performed over the nonzero eigenvalues µ
Using definition (18) one can rewrite eq.(16) in the following form,
Let us analyse singularities of eq. (19)
. Expression in the r.h.s. of eq (19) can diverge asD → D due to following two factors. First one is singularity of some I (r) (D) and second one is singularity of ζ ∆ (s) in this limit.
As we already mentioned singularities of I (r) do not depend on either this is KK or PV contribution. Therefore, the renormalisability of the low dimensional reduced model implies possibility to eliminate also singularities of this type due to KK modes by a modification of already existing low dimensional counter-terms. Let us note that I (r) is proportional to the factor, in this points is regular (see [5] ). Thus, the counterterms required to cancel this type of singularities have the form
where ∆Z N,r is the low dimensional (reduced) model counterterm and κ is the "mass unity" of dimensional regularisation.
Consider now divergencies due to singularities of ζ-function. It is known, that ζ ∆ (s) has a meromorphic extension to the entire complex plane except for isolated simple poles on the real axis at s = p/2 − n, n = 0, 1, . . . , To avoid the introduction of such counterterms to the effective action and, respectively, to avoid the non-renormalisability one may require vanishing of undesirable singularities.
A weak condition would be the requirement a 2n (∆) = 0, for all 0 ≤ n < D/2. This imposes some condition on the geometry of compactified dimensions except for n = 0 which reads tr 1 = 0, and can be interpreted as the condition that number of bosonic and fermionic degrees of freedom to be the same. This looks very much as if there must be a supersymmetry. Other equations a 2n = 0 n > 0, perhaps, can be interpreted as conditions of supersymmetry preservation by the gravity background in a high dimensional supergravity model. The above conditions help to get rid of non-renormalisable singular contribution in one-loop effective action (it may happen that also in higher loops), but we cannot prove that this way one gets authentically renormalisable model since the absence of singularities in dimensional regularisation scheme does not necessarily imply renormalisability of the model (see the note in the Introduction).
We will adopt a more radical solution to the problem, given by the following. Let us consider the size ℓ of the compact manifold K p . Since the low dimensional model (without KK modes) is well defined and renormalisable this must be the case also for the compactified one but when the size of the compactified dimensions ℓ is of the order of cut off scale of the former. In dimensional regularisation scheme this means that ℓ must be chosen to depend on cut off dimensionD in the following way,
where κ 1 is a (second) mass scale parameter and function f 1 (D) must satisfy,
Indeed, making ℓ-dependence of ζ-function explicit one can express it as follows
whereζ(s) is "dimensionless" ζ-function describing the "shape" of K p but not its size. Condition (24) provides compensation of the poles of ζ ∆ (s).
To illustrate the above arguments consider the series (18), ζ-function defining and regularise it. Summation in (18) spans an infinite (irregular) lattice Γ. At large values of n the summand behaves as ℓ 2s (n 2 ) −s . If Λ is an UV cut off parameter the regularised sum behaves
Thus the choice ℓ(Λ) ∼ O Λ 1−p compensates the divergence. The described procedure allows one to get rid of the ζ-function divergencies which make model non-renormalisable. The price paid is an increase of the singularity in the renormalisable part of the model,
There is also a point s = 0 where ζ-function is insensible to Weil rescaling of the manifold. At this point, value of ζ ∆ (s) for even p is given by the (conformal) Weil invariant, [5] ,
The value of ζ ∆ (0) contributes to renormalisation of dimensionless coupling λ of the model. As it is known, dimensionless couplings are marginally renormalisable i.e. the most interesting ones.
Indeed, if β(λ) is one-loop Callan-Simanzik β-function computed in the low dimensional theory without KK modes then from eqs. (21) and (28) it follows that including KK contribution modifies β(λ),
This modification affects not only the UV behaviour of the effective low dimensional model, but also introduce K p -geometry dependence of the coupling. Using RG approach one can find both "size" and "shape" dependence of the renormalised coupling λ integrating the equation,
To conclude the section let us consider example of compactifications to D = 4 of λφ 4 scalar model given by the action (1) where potential term,
Let analyse the λ renormalisation. This case is extremely simple since in this model there is no field renormalisation and therefore for our purpose it is sufficient to compute the contribution of a single diagram with two vertices and four legs.
Computing the counterterms, plugging them into eq. (30) and solving it yields,
where λ(ℓ) and λ(ℓ 0 ) are renormalised couplings computed when the size of K p is ℓ and ℓ 0 respectively.
Heat kernel invariants a 2n arise as quotients of time expansion of Heat kernel at the point t = 0. The first Heat kernel invariants are respectively [5] ,
where V p is the volume of K p , R ijkl and R are respectively Riemannian and scalar curvature. Invariants with even index vanish, a 2n+1 = 0. By inserting heat kernel invariants (33) into eq. (32) one can obtain the explicit dependence of the coupling on the size ℓ as well as on the conformal part of the metric.
Note: If the number of the compact dimensions is odd the coupling gets no infinite contribution from the KK sector, because Γ-function poles are compensated by zeroes of ζ-function. In this case one has only a finite renormalisation of the coupling due to KK fields. One still can write the RG equation, but in the case β-function for the dimensionless couplings gets no contribution from the KK fields. Thus, the KK β-function in [7] is wrongly computed while the correct one should be trivial.
Discussions
In actual paper we considered compactifications of high-dimensional quantum field models.
We have shown, that renormalisation of compactified model can be defined when the size of compact dimensions is of the order of cut off scale of the low dimensional model. In dimensional regularisation scheme this corresponds to vanishing of cut off dependent size of compact dimensions vanishes when the cut off dimensionD approaches the physical dimension D. The contribution of the compact dimensions in this limit, however, is not trivial.
The necessity to take this limit could be explained by the relevance of non-local stringy modes for renormalisation of high dimensional models for non-zero compact dimensions if one considers high dimensional field theories as effective low energy models for respective string ones. An alternative approach to define a renormalisable compact model may consist in compactifications to non-commutative compact manifolds [9] . Such compactifications are under intensive study in connection with matrix models, [10] , but the technique for field theories are also developed [11] .
The price paid is some increase of divergencies in the "allowed" sector of admissible counterterms. We, however, expect that this increase is not dangerous for the model. Indeed, there are two cut off scales in the model. One is the compact size and the other is the genuine cut off. The self-consistency requires the model to be independent of the last while it may depend on the first.
So far, we considered the scalar field model. However, generalisation to other models both supersymmetric and without supersymmetry is more or less straightforward.
In fact one can consider more general compactifications, when manifold W D+p is a fibre bundle W D+p = M D ⋊ K p , where Minkowski space M D is the base and K p is the fibre. In actual paper one may consider that compactification is of the later type but the fiber K p depends on Minkowski space time-point adiabatically. The last means that for large enough space-time regions this fibre bundle should look almost as a direct product. Size of the mentioned regions is determined by the scale at which quantum effects start to be felt. In this case one can speak about interaction of compactified gravity and the low dimensional field which is induced by gravity dependence of the coupling.
We believe that actual approach allows one to go beyond one-loop approximation.
